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Abstract. Wg study the geometry of Biichi's K3 surface showing that the 
rational points of this surface are Zariski-dense. 



Introduction 

The Biichi problem is a well known question in number theory: it asks whether 
there exists a positive integer n such that any sequence {xf } of n integer squares 
with 

(0.1) (x?+2-x2+i)-(^?+i-^?) = 2 forze{l,...,n-2} 

is necessarily a sequence of squares of the form {{x + i)^}, with i G {1, . . . ,n} and 
X an integer. A positive answer to Biichi's problem would imply, using the negative 
answer to Hilbert's Tenth Problem by Yu. Matiyasevich, that there is no algorithm 
to decide whether a system of diagonal quadratic forms with integer coefficients 
represents an integer tuple (sec [PPVIO]). 

A solution of (0.1) is trivial if it is given by a sequence of squares of consecutive 
integers, and non-trivial otherwise. It is known that if n < 4 there are non-trivial 
integral solutions of (0.1). In this paper wc prove that the set of non-trivial rational 
solutions, when n = 5, is infinite and Zariski-dense in the corresponding algebraic 
surface. More specifically, since we arc interested in the rational points of (0.1), we 
consider the projective surface X of P"* defined by the homogeneous equations: 

{X^ ~\~ X^ ^ 

xj - 2x1 + A 2xg 

As we shall see, the surface X is the Kummer surface associated to an abelian 
surface which is isogenous, over the complex numbers, to the cartesian product 
E X E, where E is an elliptic curve without complex multiplication. By means of 
this fact we compute an explicit basis for the Picard group of X and construct one- 
parameter families of non-trivial rational solutions of the Biichi problem for n = 5. 
Using the Mukai correspondence we prove that the surface X is an irreducible 
component of the moduli space of stable vector bundles on X itself: the modular 
point of view allows us to interpret rational points on X in terms of rank two 
vector bundles and opens the possibility of using techniques from derived category 
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and moduli spaces to attack the Biichi problem. It also raises the question of which 
vector bundles correspond to integral solutions of the system (0.2) and the related 
question of finding a description in terms of vector bundles for the points lying on 
the curve with equation xq = on X . 

The paper is organised as follows. In Section 1 we introduce Biichi surfaces 
and their linear automorphisms groups. In Section 2 we focus on the Biichi K3 
surface X showing that it is a Kummer surface: the associated abelian variety is 
isogenous to a cartesian product ExE, where E is an elliptic curve without complex 
multiplication. As a consequence we determine the lattice structure of the Picard 
group of X. Section 3 is devoted to the study of two elliptic pencils on X defined 
over the rational numbers. This allows us to produce one-parameter solutions 
of (0.2) and to show that the rational points of X are Zariski-dense. We determine 
in Section 4 an interpretation of the surface X as an irreducible component of the 
moduli space of stable vector bundles on X itself. Finally, Section 5 analyzes the 
Galois representation of the elliptic curve E and its set of supersingular primes: we 
use these results to compute the local Zcta function of X at such primes. 

Acknowledgements. The authors would like to thank Kicran O'Grady and Daniel 
Huybrcchts for their suggestions and their help with the Mukai correspondence and 
moduli spaces of sheaves on K3 surfaces. 

1. BiiCHI SURFACES 

Let n be an integer with n > 3. The Biichi surface Xn is the zero locus in P" of 
the n — 2 quadrics of equations 

(1.1) a:^+2- 2x2+1+^2 -2^2 = for z e {1, . . . , n - 2}. 

Observe that X^ is a quadric, X4 is a del Pczzo surface of degree four, ^"5 is a K3 
surface and Xn, n > 6 is of general type. A first attempt to find rational points on 
Xn can be done by producing a parametrization of the surface when n < 4. The 
del Fezzo surface X4 can be parametrized by the system of plane cubics passing 
through the five points 

(1:0:0) (0:1:0) (0:0:1) (3 : -3 : 2) (3 : -1 : 1). 

Explicitly we have the following parametrization of X4: 

xo = -2a^b-6ab'^ -3a^c + 9b^c + 9ac^ + 9bc'^ 

xi = -12afe2 + Sa^c - 18abc + 9b'^c - 18ac^ 

X2 = 20^6 - 6a62 - 24a6c - 9ac2 + 96c2 

X3 = -Aa'^b - 3a'^c + 6abc - 9b'^c - 18bc^ 

X4 = -6a^b - 6ab^ - 6a^c - I8b^c + 9ac^ + 27bc^ 

which immediately proves the existence of infinitely many non-trivial rational solu- 
tions of the Biichi's problem for four variables. Indeed, not only the set of rational 
points of X4 is infinite, but even the set of points that are integral with respect to 
the divisor xq = is infinite (see [FFVIO]). The surface X4 contains 16 lines whose 
parametric equations in the affine chart xq ^ are: 



x.,^±{t + i), i = 1,2,3,4. 
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The surface X5 is the double cover of Xi branched along the smooth genus 5 
curve B e \—2Kx4 \ defined by 2^4— x§+2a;o = (the covering map is the projection 
on the first four coordinates). Since the lines of X4 are tangent to the branch locus 
B, the inverse image of each line in the double cover decomposes in the union 
of two lines. Thus X^ contains 32 lines, whose parametric equations are: 



Observe that these are the only lines in X^, since the covering map is linear, and 
that they contain the trivial solutions of Biichi problem. 

1.1. The linear automorphism group of X„. A scalar permutation is an au- 
tomorphism of the projective space P'' whose matrix with respect to the natural 
homogeneous coordinates only has one non-zero entry in each row and in each col- 
umn. Equivalently, a scalar permutation is an automorphism of projective space 
fixing the set of coordinate points (namely, those points of projective space with a 
unique non-zero coordinate). 

Let T : P" — > P" be the involution defined by 



the automorphism r induces an involution of X„ that we denote by the same 
symbol. 

Lemma 1.1. Assume that n is an integer with n > 4 and that the characteristic 
of the ground field is different from two and three. The linear automorphism group 
of Xn consists of scalar permutations. 

Proof. The surface X„ is defined by diagonal quadrics. If Q C P(/(X„)2) is a set 
of quadrics vanishing on X„. denote by Eq the intersection of the singular loci of 
the quadrics in Q, and note that Sq is a coordinate linear subspace. Therefore, the 
linear automorphism group of X„ permutes the set of linear subspaces {Sq | Q C 
P(/(X„)2)}. Hence, to prove the assertion, it suffices to show that all coordinate 
points of P" appear among the linear subspaces Sg. For each i G {0, . . . , n} let pi 
be the point of P" whose only non-zero coordinate is Xi ; we shall determine a set 
Qi of quadrics vanishing on Xn such that Eg^ = {pi\. Using the involution t, it 
suffices to determine Qi for those indices i satisfying i < n + \ — i. 

For the coordinate point po we can choose Qo to consist of all the quadrics whose 
equations are the pairwise differences of the equations in (1.1). 

For i e {1, . . . , n} we denote by Q'^ the set of all the quadrics whose equations 
are those among the equations in (1.1) not involving the monomial xf. 

The choice Qi = Q'i satisfies the requirements for the indices i < in the set 
{1, 4, 5, . . . , n — 4, n — 3, n}. 

For the coordinate point p2 we can choose Q2 to consist of Q'2 together with the 
quadric defined by xf — 3x1 + — 2xq . 

For the coordinate point ps we can choose Q3 to consist of Q3 together with the 
quadric defined by 2x1 ~ + x\ = '6x\ . □ 

Theorem 1.2. If n is an integer with n > 3 and if the characteristic of the ground 
field is at least 2n+ 1, then the group of linear automorphisms of Xn is generated 
by the sign changes of the variables and the involution t. 



(1.2) 



Xi^±{t + i), i = l,2,3,4,5. 



t{xo : ■ ■ ■ : Xn) = {xo ■■ x,, : Xn-i ■ ■ ■ ■ ■ 



X2 ■ xi); 
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Proof. By Lemma 1.1 it suffices to show that the only permutations of the coordi- 
nates fixing Xn are those determined by r. Let X„ C P" be the linear subspace 
with equations 

Xi — 2X2 + = 2xq 

X2 — 2X3 + X4 = 2X0 

< 

Xn-2 - 2Xn-l + Xn = 2xo 

and observe that the result follows if we show that the only automorphisms of Xn in- 
duced by permutations of the coordinates are the identity and r. It is immediate to 
check that the only the point lying on X„ and obtained from bo ~ (0 : 1 : 1 : ■ ■ ■ : I) 
by permuting its coordinates is the point 60 itself. Thus, the permutations of the 
coordinates acting on X„ must fix the first coordinate xq. Let i be an index in 
{1, . . . , n} and denote by bi the unique point in the intersection of Xn with the 
linear space with equations xq = Xi = 0. The coordinates of the point bi are 
(0 : i — I : i — 2 : ■ ■ ■ : i — n). By construction, the permutations of the coordinates 
inducing automorphisms of Xn fix the set of points B = {61, 62, • ■ • , bn}- Let a be 
an automorphism of Xn induced by a permutation of the coordinates. The point 
ct(&i) lies in B; by the assumption that the characteristic of the ground field is at 
least 2n + 1 , it follows that the n non-zero coordinates and their n negatives are all 
distinct. Since the only two points in B with this property are hi and bn, we obtain 
that cr(6i) € {bi,bn}- Composing a with r if necessary, we reduce to the case in 
which cr(6i) = 61. Again, since all the non-zero coordinates of bi are distinct, we 
conclude that a is the identity and the result is proved. □ 

Remark 1.3. Each surface Xn is a complete intersection of quadrics. By the 
adjunction formula we see that the canonical divisor Xn is linearly equivalent to 
{n—5)H, where H is the hyperplane section of Xn- Every automorphism of Xn must 
preserve the (anti-) canonical linear series. Moreover, when n ^ 5, the canonical 
divisor is a non-zero multiple of the complete linear series that embeds Xn in P". 
Since the Picard group of Xn is torsion-free, it follows that the automorphism group 
of Xn consists just of the linear automorphisms of Xn, in the case n ^ 5. 

If n = 5 the previous argument is no longer true, since Kx^ is trivial. In this case 
the automorphism group of X^ has infinite order and we will show in Remark 3.2 
that this is true even for the subgroup Aut(X5)Q of automorphisms defined over 
the rationals. 

2. The Kummer surface 
From now on we denote by X the Biichi K3 surface X^. 

2.1. The 32 lines. The surface X contains four reducible hyperplane sections of 
equations: 

X2 i Xi zL Xq = 0, 

one for each choice of sign. Each such equation cuts 8 lines on X and all the 32 
lines of X are contained in these hyperplanes. By using equations (1.2) one sees 
that the intersection graph of these lines on X is bipartite of type (16, 16). 
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Proposition 2.1. The surface X is the Kummer surface of the Jacobian surface 
JC , where C is the genus two curve of equation 

^{x~ 2) {x-l)x{x + 1) {x + 2). 

Proof. Since X contains 16 disjoint rational curves, then it is a Kummer surface 
by [Nik75, Theorem 1]. Each line L on X intersects exactly six other disjoint 
lines Li,. . . ,Lq. The morphism associated to the divisor 2L + Y^^i=i maps X 
onto a quartic surface in with 16 nodes which are images of 16 disjoint lines of 
X containing the six L^'s. The hyperplane section corresponding to the previous 
divisor is a trope of the quartic surface, that is it intersects the surface along 
a double conic containing six nodes. The double cover of such conic branched 
along the six nodes is a curve C genus two such that X — Km(JC) (see [Bea96, 
Exercise VIII.22, (5)]). Thus C is isomorphic to the double cover of L branched 
along the points LClLi. An explicit computation gives the above equation for C. □ 

Remark 2.2. By looking at the right hand polynomial of the previous equation 
for C, it is clear that C is isomorphic to any genus 2 curve defined by an equation 
= P{x), such that the five roots of P{x) are in arithmetic progression. 

Lemma 2.3. The automorphism group of C is isomorphic to the order 8 dihedral 
group and it is generated by the following automorphisms: 

<^i{x, y) = (-x, iy), ai[x, y) = 

Proof. The full automorphism group of C over the complex numbers can be com- 
puted by means of Magma [BCP97]. The program calculates the Cardona-Quer- 
Nart-Pujola invariants of a genus two curve and makes use of the classification of the 
automorphism groups in terms of such invariants. The group Aut(C) is isomorphic 
to -D4 and cri,(T2 are clearly two generators. □ 

2.2. The associated abelian surface. Let k be a field of characteristic different 
from two. Let F be an elliptic curve over a field k with equation F : y^ ~ f{x)] we 
denote by Fd the quadratic twist oi F hy d € k* defined by F : dy^ = f{x). 
Let E and E' be the elliptic curves over the rational numbers with equations: 

: = - 35 + 35 X - 1 E' : y"^ = x^ + \x^ - \x - I. 

9 9 

The elliptic curves E and E' have j-invariants ^'''^q°°" and — -^fj^, respectively; they 
arc isogcnous under the degree two isogeny defined by the rational two-torsion point 
of E (or equivalently of E'). 

The automorphism group of C contains two distinct conjugacy classes of non- 
hyperelliptic involutions, with representatives (T2 defined over Q(V2) and ai o 02 
defined over Q(\/— 2). Observe that the involution ctj o 0^2 is obtained applying the 
non-trivial automorphism in Gal(Q(V2)/Q) to the coefficients of the involution 02- 
Denote by ip and Tp the quotients 

p:C^C/{(T2) and Ip: C C / {aj o (J2) . 

The curves C j (02) and C / {al o (72) have genus one. 

In the following proposition, we use the Weil restriction of a curve. In general, 
let L/K be a finite field extension; the Weil restriction functor WR is a functor 
from schemes X defined over L to schemes defined over K, having the property 
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that L-rational points of X are in functorial bijection with A'-rational points on 
WR(X). We simply use the initial properties of Weil restriction, and we refer 
the interested reader to the book [BLRQO, Chapter 7.6] for more details. In our 
case, it is easy to compute explicit equations for (an affine open subset of) the 
Weil restriction WR(£'^) from L = Q(\/2) to K = Q of the elliptic curve E^: 
substituting xi + \plxi and y\ + •\/22/2 for x and y in the equation of E^ and 
equating coefficients of powers of \pl wc find the equations 

f 4^12/2 = a;f + %xxx\ - 35a;? - l^x\ + 35x1 - 1 
WR(-E^) . I y2 ^ 22/1 = ■ix\x2 + 2x\ - lQxxX2 + 35^2 

for an affine open subvariety of WR(i? yj)- 

Proposition 2.4. There are isomorphisms 

E^c,C/{a2) and E^^ C/ {af o a^) , 

so that the Jacobian surface JC is isogenous to the abelian surface WK{E^). A 
pair of dual degree four isogenics is determined by 

r ^: JC WR(i?^) r V^': WR(i?^) ^ JC 

\ w I — > {ip,Tp)^{u) \ {p,q) I — > {if,Tp)*{p,q). 

Proof. In coordinates, the map Lp is the rational map 



(a;,y) 




S^/2y 



[x + 72)3 



inducing the quotient morphism C — > C/(ct2); this establishes the isomorphism 
C/{(T2) ~ E^. Let a = 1 + V2 so that 

V2y2 ^ a:^ - ihx"^ + 35a; - 1 = (a; - l)(a; - a^){x ~ a~^) 

is an affine equation for E^. Applying the Weil restriction functor to the mor- 
phism C — ^ '^'^ obtain the morphism WR(C) — > WR(£'^) defined over Q. 
Composing with the inclusion of the diagonal C — >■ WR(C) we obtain a morphism 
C — > WR(i?^), inducing an isogeny JC WR(i5^), whose dual is V after ex- 
tension of scalars from Q to Q(-\/2). 

By [Kuh88, Lemma, pag. 45] we conclude that the degree of the isogeny ^ is 
four (see also Remark 2.6 below). □ 



Remark 2.5. In a similar way, the morphism induced by 
{x,y) ^ ( 



]y 



3{x + v^y 



determines isomorphisms 

C/((7i o CT2> ^ E'^ and C/{(jI o 02) ~ E'_^. 
This implies the existence of a degree four isogeny WR(i?'^— ^) JC defined over ( 
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Remark 2.6. Since the two elliptic curves and are quadratic twists of 

each other, their two-torsion subgroups are canonically isomorphic; denote by T2 
the graph of this isomorphism in E^[2] E_^[2]. The group T2 is the kernel of 
the isogeny of Proposition 2.4 (this is an example of [Kuh88, Lemma, pag. 45]). 
In our example the two-torsion points on E (and hence also on £^^2 on E_^) 
are 

= (1,0), pl = («^0), p2^{a-\0), P3 = (oo,0), 

and we have 

ker('0) = {{Q,0),{pi,p2),{p2,Pi),{P3,P3)}- 

We denote by Ei,E2,R the images via -0 of E^x {0}, {0} x E_^ and the graph 
A of an isomorphism between the two twists. 

Lemma 2.7. With the previous notation, the following hold: 

(i) tJj^E^xlo} has degree 1 and i-}\Ei has degree 4 (similarly for {0} x E_^ 
and E2); 

(ii) ijj^c has degree 1; 

(iii) i/jiA and ip^fj have degree two. 

Proof. The composition of 4' with its dual -0 : JC WK{E^) is known to be the 
multiplication by 2. Thus the restriction of o to E^ x {0}, {0} x E_^ and A 
has degree four. 

By the description of ker(0') given in Remark 2.6, the preimage of Ei by is 
the union of x {0} and its translates by 2-torsion points. This gives (i). 

Since tjj is a non-ramified covering, its restriction to C is clearly injective by 
Riemann-Hurwitz formula. This gives (ii). 

By Remark 2.6 the kernel of tjj intersect the diagonal at two points, thus has 
degree two. This gives (iii). □ 

For the remainder of this section, we work over an algebraic closure of the ground 
field, and, to simplify the notation, we no longer distinguish between the elliptic 
curve E and its quadratic twists E ^ and E_^. 

Remark 2.8. The curve E appearing in Proposition 2.4 can be seen inside JC as 
follows. The hyperplane of equation: 

^2(2:2 - X4) + (.Tl + X5) = 

intersects X along the union of two conies Ci, C2 and a smooth genus 1 curve. 
Each such conic intersects exactly four disjoint lines . . . , i?4 of X. Once these 
lines are contracted by the morphism mapping X to the Kummer quartic surface 
Km(JC), the image C'^ of each Q passes through four nodes of the Kummer surface. 
The double cover 

JC Km( JC) 

induces a double cover of Cj' branched along the four nodes. This is isomorphic to 
our elliptic curve E. 

Before stating the next result, we recall some basic facts of lattice theory. Given 
a lattice S, its discriminant group is the finite abelian group As '.= Hom(S', Z)/S' 
whose order equals | det(S')|. If 5* is even, i.e. the quadratic form on S only takes 
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even values, then there is an induced quadratic form 55: As — > (Q)/2Z, cahed dis- 
criminant quadratic form. 

If S is primitively embedded in a unimodular lattice L and S*"*" C L is its orthog- 
onal complement, then there is an isomorphism As = Ag±. Moreover, up to this 
identification, the discriminant quadratic form on equals ~qs- 

In what follows, U will denote the unique hyperbolic unimodular lattice of rank 
two and U (to) the lattice obtained from U by multiplying its intersection matrix by 
TO. Finally, Eg, denotes the negative definite root lattice associated to the Dynkin 
diagram of the corresponding type. 

Theorem 2.9. The Neron-Severi lattice and the transcendental lattice of the Ja- 
cobian surface JC are isomorphic to U{2) ® (—2) and U(2) (2) respectively. 

Proof. Since the j-invariant of E is not a rational integer, then E does not admit 
complex multiplication [Sil94, Corollary II. 6. 3.1]. Hence, by [KKOl, Section 1] the 
transcendental lattice of the Kummer surface of x ii^ is isomorphic to U{2) © (4). 
Hence the transcendental lattice oi E x E is isomorphic to 

r£;xiJ = C/®(2). 

Now we will construct a basis of the Neron-Severi lattice of JC. Let Ei,E2,R be 
the images oi E x {0},{0} x E and the diagonal in JC. In what follows we will 
indentify them with their classes in NS(JC). By Lemma 2.7 we have the following 
intersection numbers: 

El • E2 = 4, R • El ~ R • E2 — 2, C • El = C • E2 ~ 2. 

In particular we deduce that C is numerically equivalent to +E2). The lattice 
N generated by Ei,R and R + ^ {Ei — E2 ) has intersection matrix 

iV = C/(2) e (-2). 

Observe that, since det(A^) = 2^^, the index of N in NS(JC) is either 1 or 2. We 
will prove that we are in the first case. The discriminant group is isomorphic 
to (Z/2Z)'^ and it is generated by the classes of ■^Ei, ^R and ^R+ \{Ei — E2). Its 
discriminant quadratic form is 

^-=(1/2 

If e is such that the class of is in NS( JC), then [\D] G Ajy is an isotropic 
vector for g^v- An easy check shows that the only non-zero isotropic vectors in 
An are the classes of ^Ei and ^R. Since Ei and R are integral curves with self- 
intersection zero, their classes are primitive in NS(JC). Thus we conclude that 
[\D] = [0], that is \D e TV. This proves that N = NS(JC). 

The transcendental lattice T{JC) of JC is the orthogonal complement of N in 
the unimodular lattice H'^{JC,'L) ^ C/'^, so that it is a rank 3 lattice of signature 
(2, 1) with Aj'f^jQ^ = An and qT[jc) = ~<lN- By [Nik79, Theorem 1.13.2] there is 
a unique lattice, up to isomorphism, with these properties and one such lattice is 
C/(2) ® (2). This gives the statement. □ 
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3. Two ELLIPTIC FIBRATIONS 

By the results of the previous section we know that the surface X, which is the 
minimal resolution of the Kummer surface Km( JC), has Picard lattice of rank 19. 
There are two elliptic fibrations on X defined by: 

7r± : X — > (.To : • • • : 2:5) i-> {x2 ± xa ■ xi + X5). 

Observe that Aut(X) preserves the set of such fibrations. For example, (x2 — X4 : 
xi + X5) and (x2 + X4 : Xi — X5) give fibrations defined by the same elliptic pencil 
on X due to the following relation in I{X): 

(xi + a:5)(a;i - 0:5) = 2{x2 + X4){x2 - x^). 

The types of the singular fibers of two fibrations 7r+ and 7r„ coincide (since tt^ and 
7r_ are exchanged by an automorphism of the surface) and they are 

• 4 fibers of type I4, whose components are the trivial lines of X, 

• 2 fibers of type I2, whose components are conies defined over Q(-\/2), and 

• 2 fibers of type I2 whose components are conies defined over Q(V— 2). 

The four squares which are fibers of 7r_|_ are sections of 7r_ and viccversa. In par- 
ticular, by [ShiOO, Theorem 2.1] the torsion part of the Mordell-Weil group of both 
fibrations is isomorphic to Z/2Z Z/4Z. Thus, by our previous calculation of the 
Picard number of X, we have 

MW(7r±) = Z © Z/2Z e Z/4Z. 

We are ready to prove the following. 

Theorem 3.1. The set of rational points X(Q) is Zariski- dense in X . 

Proof. The fibration 7r_ admits 16 sections coming from the irreducible components 
of the /4-fibers of 7r+ ; each of these sections is a line on X . 

Let O be one of the 16 lines which are sections of 7r_. Since the torsion part of 
the Mordell-Weil group of 7r_ has cardinality 8, there exists a line Q, which is a 
section of 7r_, such that Q has infinite order with respect to the origin O. Since 
both the fibration 7r_ and the sections O, Q are defined over the rationals, we 
deduce that the multiples nQ are rational curves on X defined over Q. Each such 
curve contains infinitely many rational points of X , and the theorem follows. □ 

Remark 3.2. As a consequence of Theorem 3.1 the subgroup Aut(X)Q, of auto- 
morphisms of X defined over the rationals, is infinite. Indeed such a group contains 
a translation of the elliptic curve X(Q(t)) of infinite order. 

Observe that any rational point of X lies on a fiber of 'n± since both morphisms 
are defined over the rationals. The knowledge of the Mordell-Weil group of one 
of the two fibrations, let us say 7r_, allows us to determine a basis for the Picard 
lattice of X. 

Theorem 3.3. The transcendental lattice of X is isomorphic to ?7(4) © (4), while 
the Picard lattice of X is isomorphic to and to U{A) © (—4) © 

Proof. By [Mor84, Proposition 4.3] the intersection matrix of the transcendental 
lattice T{X) of X is obtained by multiplying by 2 the corresponding matrix of 
T{JC). Hence T{X) is isomorphic to C/(4) © (4), by Theorem 2.9. In particular the 
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discriminant group of T(X) is isomorphic to (Z/4Z)'^ with quadratic form given 

The Picard lattice has signature (1, 18) and discriminant group isomorphic to that 
of T{X) with opposite quadratic form. By [NikTO, Theorem 1.13.2] a lattice with 
the previous properties is unique up to isomorphism, hence it is isomorphic to the 
lattice ?7(4) (—4) ® which has the same invariants. □ 

A computer calculation shows that the intersection matrix of all the lines and 
conies of X has rank 9 and discriminant group of order 2^ . Thus the Picard lattice 
is generated by the classes of such curves. Indeed a refined analysis shows that the 
classes of 17 lines plus the classes of two conies contained in the same fibration, the 
first defined on Q(-\/2) and the second defined on Q{\/—2), still generate the Picard 
lattice. 

Remark 3.4. Let fig be the group of 8-th roots of unity. The Galois group G 
of the extension Q(/^8)/Q acts on X and on its Picard lattice. Let Ci and C2 be 
two conies defined over Q(-y2) and Q{^—2) respectively. Recall that the Picard 
lattice is generated by the classes of the lines together with those of Ci and C2. 
Since the action of G is trivial on the classes of the lines, we get a decomposition 
of G-modulcs 

Pic(X) = Pic(X)Q e L, 

where the first factor has rank 17 and is spanned by the classes of all lines. The 
G-module L has rank 2 and is generated by the classes of Ci and C2 . Observe also 
that since the two fibrations Tr± are defined over the rationals and each Mordell- 
Weil group is generated by classes of trivial lines, then any section of each fibration 
is in Pic(X)Q. 

Remark 3.5. A basis of the Picard group of X consists of classes of curves of the 19 
elements set S = {Li, . . . , L12, Ci, C2, C3, . . . , R4} which satisfy the following 
properties. The Li are lines contracted by 7r_ whose classes form an intersection 
lattice of type Af^. Each line intersects two of the Li lines. The Ci are 
disjoint conies contracted by 7r_, while the Ri are lines which are sections of 7r_. 
Consider the following sets: Si = {i?2, ii, L4, L7, C2, C3}, 5'2 = {R2, Lq, Lio,Ci}, 
S3 = {ig, Lg, Lii, C2, C3} and S4 ~ {Lg, Lio,C2}- Each line Ri intersects in 
one point each curve of the set Si and is disjoint from any curve oi S \ Si. The 
intersection matrix of the classes of all such curves has rank 19 and Smith normal 
form with three non-zero entries equal to 4. Hence these curves form a basis of the 
Picard lattice by Theorem 3.3. Moreover the Mordell-Weil group of the fibration 
7r_ is generated by the classes of Ri, R2, R3 and R4. 

3.1. An explicit sequence of infinitely many rational points. We can use the 

results of the previous section to explicitly determine an element of infinite order 
on the generic fiber X^i of 7r_ . By putting t — (x4 — X2)/ {xi + X5) and substituting 
into the equations (0.2), we get that X^ is a quartic curve contained in the three 
dimensional linear subspace of of equations: 



(2t2 - l)a;2 -I- {2f + l)x4 -21x^ = {2f - l)xi - 4tx4 + {2f + l)x5 = 0. 
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The equations of inside this space are the following: 
(4t^ - + l)xl + (4<3 + 2t)x4X5 - {4t* - 2t^ + l)xl + {12t'^ - 12t^ + 3)xl = 



0. 



{At" - 8r + 1)0:3 + (sr + 4:t)xiX5 - (4r + + i)xi + (i6r - + a)xo 

With the same notation as in Remark 3.5 we chose an origin for the Mordell-Weil 
group of Xjj to be the point O which corresponds to the line Ri. Its coordinates 
are: 

O := (-2t - 2 : 2t + 1 : -2t : -2t + 1 : 2t - 2 : 1). 

Now we take the point Q which corresponds to the line i?2- Since Ri and R2 
intersect at one point, then by [Shi90] the point Q has infinite order with respect 
to the origin O. Moreover we know Q to be the generator of the free part of the 
Mordell-Weil group of Xrj. Its coordinates are the following: 

Q := {2t + 2: -2t-l:2t:2t-l:-2t + 2: 1). 

By calculating 2Q we obtain a one-parameter family of non-trivial rational solutions 
of the Biichi problem: 



xa = 12r + 5r -1 X3 = 8t' - lor - 6t 

xi = 8t^ + 8t^ + 22t^ -2f + 2t + 2 x^ = 8^^ - At" - 2t^ - 



2t-l 



X2 = -8t^ - 4t** + 2t^ - llt^ - 2< - 1 X5 = -8i^ 



%t" - 22t^ - 2t^ -2t + 2. 



To conclude this section we show that each fibration7r_ and -k^ admits fibers 
defined over Q whose rank is > 1 . Hence X contains more rational points that those 
which lie on the sections of both fibrations. In particular we prove the following. 

Theorem 3.6. There exists a Zariski-dense subset f2 of X(Q) such that for any 
p Cz Q the fibers of 1:+ and 7r_ through p have rank at least 2. 

Proof. For all but a finite number of points of P^(Q); the corresponding fiber F of 
TT^ has positive rank by [Sil83] and gives a base change 




whose new elliptic surface Y, defined over Q, has Mordell-Weil group of rank at 
least 2, by [Sal09, Proposition 2.1]. In particular for all but a finite number of 
rational points of F, the fiber of ip has rank at least 2. Denote by g € F{Q) one of 
these points, and let Fq :— (p^^{q) be the fiber of (p over q. Reasoning as before on 
the base change 

X 




we deduce that, for all but a finite number of rational points of Fq, the rank of 
the corresponding fiber of ipq is at least 2. If p G Fq{Q) is such a point, then both 
the fibers of 7r_ and 7r+ through p have rank at least 2. Varying q G and 
p G Fq{1J) we see that the set of such points p is Zariski-dense in X. □ 
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4. A MODULAR INTERPRETATION OF THE RATIONAL POINTS OF X 

In this section we show that the surface X is a moduh space of rank two vector 
bundles on itself, giving a natural modular interpretation to the rational points on 
X. We do not know if there is a similar interpretation for the integral points on X. 

Mukai studied the moduli spaces of stable vector bundles on abelian and K3 
surfaces in its influential paper [Muk84]. In particular, he showed in [Muk84, Ex- 
ample 0.9] the existence of a beautiful correspondence between the K3 surfaces that 
are intersections of three quadrics in and certain moduli spaces of vector bundles 
on the K3 surfaces themselves. The correspondence is obtained as follows. Let Y 
be a smooth complete intersection of three quadrics in P^; denote by P^ the net of 
quadrics containing X. In the net of quadrics P^, the discriminant locus Ay is the 
locus of quadrics of rank at most 5: the discriminant Ay is a plane curve of degree 
six. Denote by My minimal resolution of the double cover of P^ branched over the 
sextic Ay. The general point of A/y corresponds to a quadric Q containing Y , to- 
gether with the choice of a ruling by 2-planes of the quadric Q. Identifying smooth 
quadrics in P^ with the Grassmannian Gr(2,4), we see that the two rulings by 
2-plancs of a quadric Q correspond to the second Chern classes of the rank 2 vector 
bundles on Q determined by the dual of the tautological vector bundle and by the 
universal quotient bundle. Thus, to each point of A/y corresponding to a smooth 
quadric Q containing X together with a choice of ruling on Q, we associate a rank 
two vector bundle on X by restricting to X itself the rank two vector bundle on 
Q determined by the chosen ruling. This correspondence induces an isomorphism 
between Afy and the irreducible component of the moduli space M{2, Ox{^), 2) of 
stable rank two vector bundles E on X with Chern classes ci{E) = [C'x(l)] and 
deg(c2(^)) =4. 

Theorem 4.1. The Biichi K3 surface X is isomorphic to the moduli space of 
stable rank two vector bundles on X itself with Chern classes Ci(E) = [Oxi^)] and 
deg(c2(^)) =4. 

Proof. By the discussion above, it suffices to show that the double cover of 
branched over the discriminant is isomorphic to X . First of all we give a birational 
map / : X — )• 5 C P'^, where S' is a singular Kummer surface. Then we will 
show that the branch locus As of the projection 5* P^ from a node of S is 
projectively equivalent to the subscheme A of the singular quadrics in the net of 
quadrics defining X. 

Let R be any line of X, for example that of equations: 

xi + X5 + Axq ^ X2+ x<^ + Bxo = 2:3 + ^5 + 2x0 = Xi+ x<^+ xa = 0. 

Recall that there are exactly six lines Li, . . . ,Lq oi X incident to R. The birational 
map f : X ^ IS defined by the linear system of quadrics of P^ with base locus 
'2R + 'Y^i=i ^i- coordinates, if we denote by zq, . . . , 23 the four linear polynomials 
which define i?, then / is given by: 

6(zoZ2 - Z1Z2 - Z0Z3 + Z2Z3) 

zqZi - 2zqZ2 + Szo^a - 421^3 + 2^223 

ZqZi - 2ziZ2 - 32023 4- 4zi23 

22o2i - &Z0Z2 + 6Z1Z2 - 8Z1Z3 4- 6Z2Z3. 
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The surface S ~ f{X) has equation: 

4iqR4,qR4, 4 A/ 2 2 . 22, 22, 2 2\ 2 2 2 2 _ n 

~r oDX-|^ ~r 0DX2 ~r ^3 ' ^0^2 ' '^I'^S ' ^2^3/ oy)X'^X2 ^ XqX^ — U. 

The sixteen nodes of S are defined over the rationals. The branch locus A5 of the 
projection tt: 5* — >■ = V{x3) from the node (—3 : — 1 : : 3) is the union of the 
six tangent hnes to the conic 

9x1 - 12xoXi + 36xi - 32^2 = 

at the points (-6:7: 9), (6 : -7 : 9), (-6 : -1 : 3), (6 : 1 : 3), (-2 : -3 : 3), 
(2:3:3). The scheme A of singular quadrics of the net which defines X is the 
union of the the six tangent lines to the conic: 

Xq + 8a;oa;i — 34x0X2 + 16xi + 8x1X2 + X2 = 

at the points (0 : -1 : 4), (9:2: 1), (1 : -2 : 1), (1:1: 1), (-4:1: 0), (1:2: 9). 
An easy calculation shows that the unique projectivity cr : — >■ that maps the 
first four points of the first sextuple into the first four points of the second sextuple, 
maps the first set of six points into the second set of six points. Hence (7{As) = A, 
so that the corresponding double covers are isomorphic. □ 

Remark 4.2. In the proof of Theorem 4.1 we explicitly computed the discriminant 
of the net of quadrics and checked that the resulting K3 surface was isomorphic to 
the surface X. It is classically known that the K3 surfaces that are complete inter- 
sections of a net of quadrics and the double cover of the net of quadrics branched 
over the discriminant locus are isomorphic as soon as the surface contains a line; 
thus in our case we could have avoided the explicit computation, because the surface 
X contains 32 lines. A modern reference for this result is [MN04]. 

Over the field Q(-\/— 6) we can absorb more of the coefficients of the equation of 
the Kummer surface S in P'^ to obtain the equation 

9{xq + x^ + xt+ x^) + 6{xlxl + xlxl) + 6(2:0X2 + xlxl) - 14(^0X3 + xlx^) 0. 

5. SUPERSINGULAR PRIMES FOR X 

In this section we will prove a congruence property for the supersingular primes 
for the elliptic curve E of equation ~ x^ — — 2a;, isomorphic over the rational 
numbers to the elliptic curve of equation ~ x^ — ibx^ + 35a; — 1. 

Lemma 5.1. The number field obtained by extending Q with the abscissas of 
all the A-torsion points of the curve E is the 2Ath cyclotomic field Q(/i24). 

Proof. The field K4 is the splitting field of the polynomial 

x{x^ - - 2){x^ + 2){x^ - 16x^ - 12x^ + 32x + 4). 

The roots of the degree four factor are 

4 + 2%/3 ± (2\/6 + 3%/2) and 4 - 2%/3 ± (2\/6 - 3\/2), 

hence an easy calculation shows Q{fJ.2i) = as required. □ 

A calculation using Magma shows that the abelianization of the Galois group 
of the field (^(^^[S]) is the 24th cyclotomic field, but we do not need this more 
precise information: for us it is enough to know that the field Q(/i24) is contained 
inQ(£;[8]). 
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In the next theorem we adapt a strategy that we learned from [Bra09]. In the 
proof we work with the 8-torsion subgroup, since the information coming from the 
4-torsion elements is not enough for our purposes. 

Theorem 5.2. Let p be a supersingular prime for the elliptic curve E. Then p = 5 
or 23 mod 24. 

Proof. We concentrate on the Galois representation 

p: Gal(Q/Q) ^ GL2(Z/8Z) 

obtained by acting with the absolute Galois group on the set of 8-torsion points of 
the curve E. By Lemma 5.1 the image G(8) of p admits a quotient A{8) isomorphic 
to the Galois group of the extension Q(^24)/Q- Given a prime of good reduction 
p, the Frobenius automorphism acting on the reduction of X modulo p lifts to an 
element $p G Gal((Q/Q). The image of $p in the quotient A{8) = (Z/24Z)* of the 
representation p is a congruence class modulo 24. If p is a supersingular prime for 
E, then $p has null trace. We will show that the image in A{8) of elements with 
null trace is congruent to either 5 or 23 modulo 24, concluding the proof. To prove 
the last step, we made use of Magma to show that the image G{8) of the Galois 
representation p is generated by the following matrices: 

^4 3\ f2 l\ /3 6\ fl 2^ 

,1 a) [i 2) \2 7) [e 3, 

The group G(8) is a solvable group of order 2^ and index 2^ • 3 in GL2(Z/8Z). It 
contains 16 elements of null trace whose images in the quotient A{8) form a subset 
S of cardinality 2. Since the primes 5 and 167 are supersingular for E and the 
second is congruent to 23 modulo 24, the images of $5 and $167 in ^4(8) exhaust 
the whole S. This concludes the proof. □ 

Theorem 5.3. Let p be a supersingular prime for the elliptic curve E such that 
p = 23 mod 24. Then the number of points of the reduction of X modulo p equals 
p2 + 18p+ 1. 

Proof. Let JC be the Jacobian of C and let Y := JC/{a) C P'^ be its quotient 
with respect to the involution ct: w i-> —w. Observe that #X(Fp) = ^Y(Fp) + 16p 
for any prime p > 5 since all the sixteen singular points of Y are defined over Z. 
Consider two subsets of JC over Fj,2 : 

Si := {w e JC{¥p2) : <i>p{w) = w} S2 := {w G JC{¥p2) : -u;}, 

where $p is the Frobenius map. We have #F(Fp) = ^{f/=Si + #S'2)- We now want 
to show that Si = JC(Fp) and that 

(5.1) #52 = #JC(Fp), 

where C is the quadratic twist of C. The first equality is obvious. About the second 
equality, let = f{x) be an equation for C and dy^ = fi^) be an equation for C. 
Consider the isomorphism 

defined over Fp2 and observe that o f = Zo/o$p, where 1 is the hyperel- 
liptic involution of C. Let /* : JC JC be the push-forward map defined by 
/*(E = [J2 Then by the above equality we get $p o o $p. 
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To prove (5.1) it is enough to show that /*(S'2) = JC{¥p), which immediately 
foUows from 

where w € 82- 

Assume now that p is a supersingular prime for E such that p = 23 (mod 24). 
Hence the Jacobian variety JC is isogenous to x E_^, by Proposition 2.4 and 
the fact that 2 is a square in F„. This gives 



#5i==#JC(Fp)-(p+l 



i2 



Moreover the trace of the Frobenius morphism $<j, with q — p" , on H^^{JC,Qi) 
equals the trace of the Frobenius morphism on the first etale cohomology group of 
E^ X E_^. Since E_^_^ mod p is supersingular then its Zcta function is: 

qt'^ + 1 

^^^±v^'*^= (l-t)(l-gt)- 

By means of the isogeny JC ~ E^ x E_^ wc deduce that the Zeta Function of 
C is 

(5.2) ZiC,t)= ('^^' + ^)' 



il-t){l-qt)- 

Observe that #C(Fp) = #C'(Fp) since #C(Fp) + #(7(1^) = 2p+ 2 and #C(Fp) = 
p + I, by the above calculation of the Zeta function of C. Hence C and C have 
the same Zeta function, since the two curves have the same number of points 
over Fp, and same number of points over Fp2, being isomorphic over this field. 
This gives #JC(Fp) = #JC'(Fp) = (p + 1)^, so that #y(Fp) = [p + 1)^ and 
#X(Fp) = {p+ 1)2 + 16p as claimed. □ 

Remark 5.4. Theorem 5.2 shows that the supersingular primes for the curve E 
are congruent to 5 or 23 modulo 24. For those congruent to 5 modulo 24 the Zeta 
functions of C and of C coincide and are equal to 

^(^'^)-^(^'*)-(r$(T^' 

analogous to formula (5.2). We verified this formula for the primes 5, 149, 173, 
461, 1229, 2213, 2237 that are the first 7 supersingular primes of E congruent to 
5 modulo 24. As a consequence, the number of points of X modulo a prime p 
congruent to 5 modulo 24 and supersingular for E is p'^ + \Ap + 1. 
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